The simplicity of a question such as wondering if correlations characterize or not a certain system collides with the experimental difficulty of accessing such information. Here we present a low demanding experimental approach which refers to the use of a metrology scheme to obtain a conservative estimate of the strength of frequency correlations. Our testbed is the widespread case of a photon pair produced per downconversion. The theoretical architecture used to put the correlation degree on a quantitative ground is also described.
INTRODUCTION
Time-frequency is the most explored domain in classical communications, however investigations of its quantum counterpart have only recently appeared [1] . These have covered a wide range of applications including metrology [2, 3] , computing [4] [5] [6] [7] , quantum communications [8] . Suitable sources [9] [10] [11] and methods for manipulation [12] [13] [14] [15] [16] [17] [18] [19] [20] have been triggered by recent developments. The control of frequency correlations has a central role [21] [22] [23] [24] [25] [26] [27] and underlies dispersion-free clock synchronization [28, 29] and correlated spectroscopy [30, 31] 
using photon pairs from spontaneous parametric downconversion (SPDC).
A fundamental issue is then to verify and, consequently, to quantify the presence of frequency correlations. A standard procedure makes use of spectrometers at the single photon level: the joint spectral profile of photon pairs is measured with the aim of accessing their correlations. Although feasible in principle, this approach is demanding in terms of resolution particularly when operating SPDC with narrowbandwidth and, a fortiori, continuous wave pumps, as correlations manifest on the pump energy scale. This sets hard requirements in practice. Such a problem can be partly circumvented by recurring to a stimulated downconversion process [32] [33] [34] [35] [36] , but the limited gain in the CW condition makes it suitable mostly for four-wave mixing in resonant media, with limited appeal for SPDC. If the sought objective is only to confirm the presence of correlations and put a number on their strength, a less demanding approach would be highly desirable even at the cost of limited detail.
Here we propose a practical method to capture frequency correlations in SPDC photon pairs. It has been demonstrated [37] that phase measurements performed with quantum states are affected by the presence of correlation within the probes. In these conditions, good contrast is obtained even with high dispersion samples. This effect relies on the well-known cancellation of the first-order phase contribution [38, 39] . By this approach it is possible to retrieve a numerical bound for the degree of frequency correlation of the two partner photons in a setup with reduced complexity.
EXPERIMENT
Our experiment is sketched in Fig. 1 : photon pairs are generated from a type-I parametric down-conversion (PDC) source. The process is driven by a cw laser, emitting at central frequency Ω p = 405 nm with a linewidth of the order of 200 MHz, so to deliver photons in the degenerate condition. These two photons, polarised by means of half wave plates (HWPs) in orthogonal directions, are superposed on the same spatial mode on a polarising beam splitter (PBS) with zero delay. When the two photons are produced in indistinguishable separable time-frequency modes, their wavefunction can be written as
where the operatorâ † L (â † R ) describes the creation of a photon in the left-circular (right-circular) polarisation mode: this is then a N00N state in the circular polarisation basis.
In order to explore the actual spectral structure of the state and look for the effect of correlations, we introduce a phase delay between the L and R components using a dispersive FIG. 1. Experimental setup: two single photons generated via a type-I SPDC process are driven on the same spatial mode with mutually orthogonal (H/V) polarizations. After letting them pass across a QWP, a 3-mm nominal length BBO crystal and a second QWP, thus imparting an overall phase shift in the circular basis, the emerging quantum state is projected onto linear basis for detection. By collecting coincidence counts between the two output of the setup as a function of the angle θ of the HWP, oscillations in count rate are recorded. The inset shows the spectral profile of the two bandpass filters (BPF) preceding the photon counters (APD).
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material. For this purpose we make use of a 3-mm crystal of barium beta borate (BBO), inserted between two quarter wave plates (QWPs) ensuring that the birefringent phase is imparted between the circular components. All optical axes of the plates and the BBO are set at 45
• . The state is analysed by means of a HWP, set at an angle θ and a second PBS followed by an avalanche photodiode on each output mode. The frequency detection mode is defined by two interference filters, centred at the degeneracy of the PDC process, with a full width half maximum of 7.3nm (Fig. 1, inset) . The observed coincidence rate oscillates as θ is scanned, as shown in Fig. 2 . This reports the behaviours with both the BBO crystal inserted (green solid triangles) and without it (red open diamonds) to have a reference; for the sake of clarity, data have been renormalized scaling their mean value to 1, thus highlighting a phase shift φ 0 in the fringes, and a reduction in their visibility v, both due to the presence of the dispersive medium.
Since the interferometer is fed with a two-photon N00N state, oscillation frequency is doubled with respect to what expected for a single photon state, thus the phase imparted by the crystal result φ 0 = 0.244 rad modulus 2π. More interestingly, for what concerns the visibility, it reduces from v = 0.966 ± 0.003 without the crystal to v = 0.568 ± 0.012 once the BBO is in place. Although significant, the reduction in visibility observed with the N00N state is much less severe then expected for the case of a single photon probe: given the thickness of the crystal we used, an almost vanishing visibility is expected, as we experimentally checked. This resilience is due to the presence of correlations, to which the measurement of the visibility can give access.
ANALYSIS
We extend the description of the wavefunction (1) to include the frequency domain properly. For this purpose, we introduce a more complete description of the SPDC written as
where Φ(ω 1 , ω 2 ), the spectral wavefunction of the pair, is responsible for the correlations. This state evolves under the action of an optically active material presenting dispersion; each photon experiences a frequency-dependent polarisation rotation φ(ω)/2, due to the different refractive indexes for the L and R polarisations. The analysis is then performed with the HWP at θ. The overall transformation of the polarisation modes is given by:
The photons are selected by means of identical frequency filters with spectral shape f (ω), which can be accurately fit by Fig 1) for the calibration step, without the non linear crystal (red diamonds), and with the crystal inserted (green triangles) to evaluate the imparted phase and the reduction in visibility thus unravelling the correlation level of the photon pair. Intensity has been normalized to have the average value equals to 1. The height of the ridge, or equivalently the depth of the gorge, with respect the mean value measures the visibility of the interferometer, thus the larger this difference the higher the visibility. Dashed lines are the best fit with probability P (θ) as per Eq. (8).
a 4th-order super-Gaussian curve. Using these formulae, we can write the coincidence detection amplitude at times t 1 and t 2 as:
with
and
The actual detection probability is obtained by summing the contributions at all times:
which contains oscillating terms in θ 1 − θ 2 and θ 1 + θ 2 . Notice that the first variable is centred around zero, while the other is centred around 4θ + φ(Ω 0 ), with Ω 0 = Ω p /2. Its general expression can be evaluated by using Parseval's theorem; this is greatly simplified for the case Φ(ω 1 , ω 2 ) = Φ(ω 2 , ω 1 ) = Φ(ω 1 , ω 2 ) * . These conditions amount to neglect spectral phases due to dispersion and symmetric phasematching. These deliver the expression
which is dictated by the correlations between the two photons. The dispersion of the medium is taken to be linear in ω, which allows to take the approximation θ 1 + θ 2 ∝ ω 1 + ω 2 : the probability 7 is then more easily calculated in the rotated coordinates ω p = ω 1 + ω 2 and ω − = ω 1 − ω 2 . Furthermore, since the phase-matching bandwidth is typically much larger than the FWHM of the filters, one can neglect the dependence of Φ(ω 1 , ω 2 ) on ω − over their support. As for the dependence on ω p , we take a Gaussian form Φ(ω p ) = 2
, the resulting function F (ω p ) can be well approximated by a Gaussian with FWHM equal to that of the filters δω (see Appendix). A measure of the spectral correlation can be then obtained by taking σ 2 = κδω 2 . Uncorrelated states would have a diverging value of κ, so that the spectral dependence of the probability P (θ) is only contained in the filters; in the opposite limit, a perfect correlation would result in κ = 0. The Gaussian shape of the frequency dependence and the linear dispersion approximation, lead to the expression for the probability:
where σ 2 φ (κ) is the variance of the phase distribution, which is expected to take a Gaussian form, and contains information on κ. The visibility v of the fringes is then governed by the frequency correlation: the experimental valueκ is thus the one giving σ 2 φ (κ) = −2 log(v), estimated inκ = 0.14 ± 0.02: this is actually a lower bound on the true value, since we are ascribing to imperfect correlation non-idealities, including those linked to the modelling, as well as experimental artefacts. In this respect, we can observe how the Gaussian shape of the phase distribution is well justified by the low values of skewness (µ 3 /σ 3 φ = 0.005) and kurtosis (µ 4 /σ 4 φ −3 = 0.014). The uncertainty onκ is mostly dictated by the uncertainty with which the dispersive crystal is placed on the photon path.
CONCLUSIONS
Observing dissipative environments can evidence correlation properties of probe states. We have used this property to assess and quantify the presence of frequency correlations in photon pairs, without recurring to energy-resolved measurements. A numerical bound is obtained under a series of assumptions: the most important is to assume a symmetric wave-function and neglect spectral phases. These are generally well satisfied in CW-pumped SPDC. We should stress that, although genuine frequency entanglement is present, our method is sensitive only to correlations. As a practical comment, no corrections for experimental imperfections have been introduced, e.g. to take into account the limited contrast observed without the sample. Extensions of our method will need to consider asymmetric and non-degenerate spectra, by means of distinct dispersive media.
